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Note 
The Existence of Symmetric Block Designs* 
H. J. RYSER 
California Institute of Technology. Pasadena, California 91125 
In this note we give a very short proof of the Bruck-Ryser-Chowla 
theorem on the existence of symmetric block designs [ 1, 31. We deal only 
with the case of (0, k, A)-designs with o odd. The criterion for u even is 
elementary. Our proof utilizes the Witt cancellation law [2]. 
THEOREM. Let v, k, and A be integers for which a (II, k, I)-design exists 
and let v be odd. Then the Diophantine equation 
,y* = (k - 1) y* + (-l)‘c-“/2 AZ2 (1) 
has a solution in integers x, y, and z, not all zero. 
Proof Let A be the incidence matrix of the (v, k, I)-design. Then A is a 
(0, I)-matrix of order u that satisfies the matrix equation 
AAT=(k4)Z+)J, (2) 
where AT denotes the transpose of A, Z is the identity matrix of order v, and 
J is the matrix of l’s of order v. Moreover, the integers v, k, and A satisfy the 
familiar equation 
k - A = k* - Iv. 
We now form the following bordered matrix of order v + 1 
(3) 
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and we define the following diagonal matrices D and E of order v + 1 
D = diag[ l,..., 1, -A], E = diag[k - A ,..., k - 1, -(k - L)/L]. (5) 
Then it follows from (2) and (3) that the matrices D, E, and A’ are 
interrelated by the equation 
A’DAtT = E. (6) 
Thus the existence of the (v, k, L)-design implies that the diagonal matrices D 
and E of order v + 1 are congruent to one another over the field of rational 
numbers and we write 
D&E. (7) 
The remainder of the argument proceeds along standard lines. Let I, 
denote the identity matrix of order n. Then since an arbitrary positive integer 
m is the sum of four squares it follows that 
ml, A I, (8) 
and, more generally, 
ml, II, (9) 
for all n s 0 (mod 4). 
Now let v 3 1 (mod 4). Then by (7) and (9) and using the notation of 
direct sums we have 
Z,o-u,~((k-I)Z,_,O(k-~)Z,O -7 (k-1) I 1 
AI,-,@(k-L)Z,O -T (k - A) I ,. 
(10) 
Hence by the Witt cancellation law it follows that 
diag]l, -A] A diag[k - A, -(k - 2)/n] (11) 
and this implies (1) for u E 1 (mod 4). 
In the case v = 3 (mod 4) we deal with diagonal matrices of order u + 2 
by adding an additional component (k - A) I, to both D and E. Then by (7) 
and (9) we have 
Z,@(k-J)I,@ -nr,~(k-~)Z,O(k-~)Z,O -T 
(k-41 , 
(12) 
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Again by the Witt cancellation law it follows that 
diag[k-I,-J]gdiag[l,-(k-1)/d] 
and this implies (1) for u zz 3 (mod 4). 
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